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we apply the differential Chow form to a result of linear depen-
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1. Introduction

Differential algebra or differential algebraic geometry founded by Ritt and Kolchin aims to study
algebraic differential equations in a similar way that polynomial equations are studied in commutative
algebra or algebraic geometry [18,9]. An excellent survey on this subject can be found in [2].

The Chow form, also known as the Cayley form or the Cayley–Chow form, is a basic concept
in algebraic geometry [5,6] and has many important applications in transcendental number theory
[15,17], elimination theory [1,3], and algebraic computational complexity [7].

Recently, the theory of Chow forms for affine differential algebraic varieties was developed and ba-
sic properties of the algebraic Chow form were extended to its differential counterpart in a nontrivial
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way [4]. Furthermore, a theory of differential resultants and sparse differential resultants was also
given [4,13,14]. In this paper, we will study the Chow form for projective differential varieties.

It is known that most results in projective algebraic geometry are more complete than their affine
analogs. But in differential algebraic geometry, this is not the case. Due to the complicated structure,
projective differential varieties are not studied thoroughly. The basis of projective differential algebraic
geometry was established by Kolchin in his paper [10]. There, he cited a remark by Ritt:

Consider an irreducible algebraic variety V in complex projective space Pn(C) and n + 1 meromor-
phic functions f0, f1, . . . , fn on some region of C. J.F. Ritt once remarked to me that there exists
an irreducible ordinary differential polynomial h ∈C{y0, . . . , yn}, dependent only on V and having
order equal to the dimension of V , that enjoys the following property: A necessary and sufficient
condition that there exist c0, . . . , cn ∈ C not all zero such that (c0 : · · · : cn) is a point of V and∑

j c j f j = 0 is that ( f0, . . . , fn) be in the general solution of h.

Kolchin commented that “This provides an occasion to describe the beginning of a theory of alge-
braic differential equations in a projective space Pn(E)”. And he devoted two papers on differential
projective spaces: [10] and [11], published posthumously. In the former, Kolchin developed the foun-
dation for a theory of differentially homogenous differential ideals and their differential zero sets in
Pn(E). Also, Kolchin proved Ritt’s result mentioned above. In the following, we will use “the result on
linear dependence over projective varieties” to refer to this result.

In this paper, we will establish the theory for projective differential Chow forms. We first con-
sider the dimension and order for the intersection of an irreducible projective differential variety by
a generic projective differential hyperplane. Precisely, the intersection of an irreducible projective dif-
ferential variety of dimension d > 0 and order o with a generic projective differential hyperplane is
shown to be an irreducible projective differential variety of dimension d − 1 and order o. Then we
define Chow forms for irreducible projective differential varieties. As an application, we will show
that the differential polynomial h in Ritt’s remark mentioned above is the Chow form of a projective
differential variety associated with V .

The rest of the paper is organized as follows. In Section 2, we will present basic notations and
preliminary results in projective differential algebraic geometry. In Section 3, we will prove the generic
intersection theorem of a projective differential variety by a generic projective differential hyperplane.
In Section 4, the Chow form for an irreducible projective differential variety is defined and its basic
properties are given. In Section 5, we will apply the differential Chow form theory to the result on
linear dependence over projective varieties given by Kolchin. Finally, we present the conclusion and
propose a conjecture on the Chow form for the projective differential variety.

2. Preliminaries

In this section, some basic notations and preliminary results in projective differential algebraic
geometry will be given. For more details, please refer to [18,9,10,4].

2.1. Basic notions in differential algebra

Let F be a fixed ordinary differential field of characteristic zero, with a derivation operator δ. An
element c ∈ F such that δ(c) = 0 is called a constant of F . The set C of constants of F is a field,
called the field of constants of F . In this paper, unless otherwise indicated, δ is kept fixed during any
discussion and we use exponents (i) and exponents [t] to indicate derivatives under δ and the set of
derivatives up to the order t respectively.

Let S be a subset of a differential field G which contains F . We will denote respectively by F [S],
F(S), F{S}, and F〈S〉 the smallest subring, the smallest subfield, the smallest differential subring,
and the smallest differential subfield of G containing F and S . Let Θ denote the free commutative
semigroup with unit (written multiplicatively) generated by δ. Then F{S} = F [Θ(S)] and F〈S〉 =
F(Θ(S)). A differential extension field G of F is said to be finitely generated if G has a finite subset S
such that G =F〈S〉.
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A subset Σ of a differential extension field G of F is said to be differentially dependent over F
if the set (θα)θ∈Θ,α∈Σ is algebraically dependent over F , and is said to be differentially independent
over F , or to be a family of differential indeterminates over F in the contrary case. In the case Σ

consists of only one element α, we say that α is differentially algebraic or differentially transcendental
over F respectively. The maximal subset Ω of G which is differentially independent over F is said to
be a differential transcendence basis of G over F . We use d.tr.degG/F (see [9, p. 105–109]) to denote
the differential transcendence degree of G over F , which is the cardinal number of Ω . Considering F
and G as ordinary algebraic fields, we denote the algebraic transcendence degree of G over F by
tr.degG/F .

A differential extension field E of F is called a universal differential extension field, if for any finitely
generated differential extension field F1 of F in E and any finitely generated differential extension
field F2 of F1 not necessarily in E , F2 can be embedded in E over F1, i.e. there exists a differential
extension field F3 in E that is differentially isomorphic to F2 over F1. Such a differential universal
extension field of F always exists [9, Theorem 2, p. 134]. By definition, for any natural number n, we
can find in E a subset of cardinality n whose elements are differentially independent over F .

Now suppose Y = {y1, y2, . . . , yn} is a set of differential indeterminates over E . For any y ∈ Y,
denote δk y by y(k) . The elements of F{Y} =F [y(k)

j : j = 1, . . . ,n; k ∈N] are called differential polyno-
mials over F in Y, and F{Y} itself is called the differential polynomial ring over F in Y. A differential
polynomial ideal I in F{Y} is an ordinary algebraic ideal which is closed under derivation, i.e.
δ(I) ⊂ I . And a prime (resp. radical) differential ideal is a differential ideal which is prime (resp.
radical) as an ordinary algebraic polynomial ideal. For convenience, a prime differential ideal is as-
sumed not to be the unit ideal in this paper.

Let f be a differential polynomial in F{Y}. We define the order of f w.r.t. yi to be the greatest
number k such that y(k)

i appears effectively in f , which is denoted by ord( f , yi). And if yi does not
appear in f , then we set ord( f , yi) = −∞. The order of f is defined to be maxi ord( f , yi), that is,
ord( f ) = maxi ord( f , yi).

A ranking R is a total order over Θ(Y), which is compatible with the derivations over the alpha-
bet:

(1) δθ y j > θ y j for δ ∈ Θ and all derivatives θ y j ∈ Θ(Y).
(2) θ1 yi > θ2 y j �⇒ δθ1 yi > δθ2 y j for δ ∈ Θ and θ1 yi, θ2 y j ∈ Θ(Y).

By convention, 1 < θ y j for all θ y j ∈ Θ(Y).
Two important kinds of rankings are the following:

(1) Elimination ranking: yi > y j �⇒ δk yi > δl y j for any k, l � 0.
(2) Orderly ranking: k > l �⇒ δk yi > δl y j for any i, j ∈ {1,2, . . . ,n}.

Let p be a differential polynomial in F{Y} and R a ranking endowed on it. The greatest derivative
w.r.t. R which appears effectively in p is called the leader of p, which will be denoted by up or ld(p).
The two conditions mentioned above imply that the leader of θ p is θup for θ ∈ Θ . Let the degree of
p in up be d. As a univariate polynomial in up , p can be rewritten as

p = Idud
p + Id−1ud−1

p + · · · + I0.

Id is called the initial of p and is denoted by Ip . The partial derivative of p w.r.t. up is called the
separant of p, which will be denoted by Sp . Clearly, Sp is the initial of any proper derivative of p. The
rank of p is ud

p , and is denoted by rk(p).

Let p and q be two differential polynomials and ud
p the rank of p. q is said to be partially reduced

w.r.t. p if no proper derivatives of up appear in q. q is said to be reduced w.r.t. p if q is partially
reduced w.r.t. p and deg(q, up) < d. Let A be a set of differential polynomials. A is said to be an
auto-reduced set if each polynomial of A is reduced w.r.t. any other element of A. Every auto-reduced
set is finite.
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Let A= A1, A2, . . . , At be an auto-reduced set with Si and Ii as the separant and initial of Ai , and
f be any differential polynomial. Then there exists an algorithm, called Ritt’s algorithm of reduction,
which reduces f w.r.t. A to a polynomial r that is reduced w.r.t. A, satisfying the relation

t∏
i=1

Sdi
i Iei

i · f ≡ r, mod [A],

where di , ei (i = 1,2, . . . , t) are nonnegative integers. The differential polynomial r is called the dif-
ferential remainder of f w.r.t. A.

Let A be an auto-reduced set. Denote HA to be the set of all the initials and separants of A and
H∞
A to be the minimal multiplicative set containing HA . The saturation ideal of A is defined to be

sat(A) = [A] : H∞
A = {

p: ∃h ∈ H∞
A , s.t. hp ∈ [A]}.

An auto-reduced set C contained in a differential polynomial set S is said to be a characteristic set
of S , if S does not contain any nonzero element reduced w.r.t. C . A characteristic set C of a differential
ideal J reduces to zero all elements of J . If the differential ideal is prime, C reduces to zero only
the elements of J and J = sat(C) [9, Lemma 2, p. 167] is valid.

In this paper, we need the following theorem on a property of differential specialization. A set of
elements E ⊂ E is said to be differentially free from F〈U〉, if U is a set of differential indeterminates
over F〈E〉.

Theorem 2.1. (See [4, Theorem 2.16].) Let {u1, . . . , ur} ⊂ E be a set of differential indeterminates over F , and
Pi(U,Y) ∈ F{U,Y} (i = 1, . . . ,m) differential polynomials in U = (u1, . . . , ur) and Y = (y1, . . . , yn). Let
Y = (y1, y2, . . . , yn), where yi ∈ E are differentially free from F〈U〉. If P i(U,Y) (i = 1, . . . ,m) are differen-
tially dependent over F〈U〉, then for any specialization U to U in F , P i(U,Y) (i = 1, . . . ,m) are differentially
dependent over F .

2.2. Differentially homogenous differential ideals

In this paper, we fix F to be an ordinary differential field with the derivation operator δ, the field
of constants C , and E to be a universal differential field of F with the field of constants K.

Let Y = (y0, . . . , yn) and consider the differential polynomial ring F{Y} = F{y0, . . . , yn} over F .
For any element λ of any differential overring of F{Y}, set λY = (λy0, λy1, . . . , λyn). Following
Kolchin [10], we have the following definition.

Definition 2.2. A differential polynomial f ∈ F{y0, y1, . . . , yn} is called differentially homogenous
of degree m if for a new differential indeterminate λ over F{Y}, we have f (λy0, λy1, . . . , λyn) =
λm f (y0, y1, . . . , yn).

The following result will be used in this paper.

Lemma 2.3. Let f be a nonzero differentially homogenous polynomial of degree m and R any ranking of Y.
Then both of its initial and separant w.r.t. R are differentially homogenous.

Proof. We first consider the separant of f . Let y(o)
i be the leader of f w.r.t. R . Then we have

λ
∂ f

∂ y(o)
i

(λy0, . . . , λyn) = (λyi)
(o)

y(o)
i

∂ f

∂ y(o)
i

(λy0, . . . , λyn) = ∂

∂ y(o)
i

f (λy0, . . . , λyn) = ∂

∂ y(o)
i

λm f (y0, . . . , yn) =
λm ∂ f

∂ y(o)
i

(y0, . . . , yn). Thus, ∂ f

∂ y(o)
i

(λY) = λm−1 ∂ f

∂ y(o)
i

(Y). It follows that the separant of f is differentially

homogenous of degree m − 1.
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Now we consider the initial of f . Rewriting f as a univariate polynomial in y(o)
i , we have f =

I f · (y(o)
i )l + I1 · (y(o)

i )l−1 + · · · + Il−1 · (y(o)
i ) + Il , where I f is the initial of f . In the above, we have

proved that ∂ f /∂ y(o)
i = lI f · (y(o)

i )l−1 + (l − 1)I1 · (y(o)
i )l−2 + · · · + Il−1 is differentially homogenous. If

l = 1, it follows that I f = ∂ f /∂ y(o)
i is differentially homogenous. While l > 1, the leader of ∂ f /∂ y(o)

i

is y(o)
i too. Continuing in this way, ∂l f

∂(y(o)
i )l

= l!I f is differentially homogenous. Thus, I f is differentially

homogenous. �
More generally, let (yij)1�i�p, 0� j�ni be a family of differential indeterminates over E , set

Yi = (yi0, . . . , yini ) (1 � i � p), and consider the differential polynomial ring F{Y1, . . . ,Yp} =
F{(yij)1�i�p,0� j�ni } over F . Let f ∈F{Y1, . . . ,Yp} and (d1, . . . ,dp) ∈ Np . If for any index i, f is dif-
ferentially homogenous in Yi of degree di , f is said to be differentially p-homogenous in (Y1, . . . ,Yp)

of degree (d1, . . . ,dp).
Let I be a differential ideal of F{Y1, . . . ,Yp}. Denote I : (Y1 · · ·Yp)∞ = { f ∈ F{Y1, . . . ,Yp} |

(y1 j1 · · · ypjp )
e f ∈ I, 0 � j1 � n1, . . . ,0 � jp � np and for some e} and I : (Y1 · · ·Yp) = { f ∈

F{Y1, . . . ,Yp} | (y1 j1 · · · ypjp ) f ∈ I, 0 � j1 � n1, . . . ,0 � jp � np}. Clearly, I : (Y1 · · ·Yp)∞ is a dif-
ferential ideal, and is a radical differential ideal coinciding with I : (Y1 · · ·Yp) when I is a radical
differential ideal.

Definition 2.4. Let I be a differential ideal of F{Y1, . . . ,Yp}. I is called a differentially p-homogenous
differential ideal if I : (Y1 · · ·Yp) = I and for every P ∈ I and each index i and a differential indeter-
minate λ over F{Y1, . . . ,Yp}, P (Y1, . . . , λYi, . . . ,Yp) ∈F{λ}I in the differential ring F{λ,Y1 · · ·Yp}.
If p = 1 and Y1 =Y, I is called a differentially homogenous differential ideal of F{Y}.

For I ⊂F{Y1, . . . ,Yp} and any ranking R of ((yij)1�i�p, 0� j�ni ). I has a characteristic set w.r.t. R
which is not unique. To impose the uniqueness condition on characteristic set, Kolchin gave the defini-
tion of canonical characteristic set which is unique for a differential ideal and a fixed ranking R [10].
Kolchin gave the following theorem to test whether I is differentially p-homogenous [10].

Theorem 2.5. Let I be a prime differential ideal of F{Y1, . . . ,Yp} and let A denote the canonical character-
istic set of I w.r.t. some ranking of (yij)1�i�p, 0� j�ni . Then the followings are equivalent.

• I is differentially p-homogenous.
• I : (Y1 · · ·Yp) = I and for every zero (η1, . . . , ηp) of I in En1+1 × · · · × Enp+1 and each s ∈ E\{0} and

each index i, (η1, . . . , sηi, . . . , ηp) is a zero of I .
• I : (Y1 · · ·Yp) = I and each element of A is differentially p-homogenous in (Y1, . . . ,Yp).

Let n ∈ N and consider the projective space P(n) over E . Any element (a0,a1, . . . ,an) of En+1

different from the origin is a representative of a unique point α of P(n), denoted by (a0 : a1 : · · · : an).
Given n1, . . . ,np ∈ N, we consider the p-projective space P(n1, . . . ,np) = P(n1) × · · · × P(np). For any
point α = (α1, . . . ,αp) of P(n1, . . . ,np), if ai = (ai0,ai1, . . . ,aini ) is a representative of αi (1 � i � p),
then the element (aij)1�i�p, 0� j�ni = (a1, . . . ,ap) of En1+1 × · · · × Enp+1 is called a representative
of α.

Consider a differential polynomial P ∈ E{Y1, . . . ,Yp} and a point α ∈ P(n1, . . . ,np). Say that P
vanishes at α, and that α is a zero of P , if P vanishes at every representative of α. For a subset M of
P(n1, . . . ,np), let IF (M ) denote the set of differential polynomials in F{Y1, . . . ,Yp} that vanish on
M and write I(M ) = IF (M ). Let V(S) denote the set of points of P(n1, . . . ,np) that are zeros of the
subset S of E{Y1, . . . ,Yp}. And a subset V of P(n1, . . . ,np) is called a projective differential F -variety
if there exists an S ⊂F{Y1, . . . ,Yp} such that V = V(S).

As in the affine differential case, we have a one-to-one correspondence between projective differ-
ential varieties and radical differentially homogenous differential ideals.
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Theorem 2.6. (See [10].) The mapping from the set of projective differential F -varieties of P(n1, . . . ,np)

into the set of differentially p-homogenous radical differential ideals of F{Y1, . . . ,Yp}, given by the formula
V −→ IF (V ), and the mapping in the opposite direction, given by the formula I −→ V(I), are bijective and
inverse to each other. And a projective differential F -variety V is F -irreducible if and only if I(V ) is prime.

3. Generic intersection for projective differential varieties

In this section, we will consider the order and dimension of the intersection of a projective differ-
ential variety by a generic projective differential hyperplane. Before doing this, we first give a rigorous
definition of dimension and order for differentially homogenous differential ideals.

3.1. Order and dimension in projective differential algebraic geometry

In the whole paper, when talking about prime differential ideals, we always imply that they are
distinct from the unit differential ideal.

For a differentially homogenous differential ideal I ⊂ F{Y}, we now define the concepts of dif-
ferentially independent set modulo I , parametric set, and differential dimension polynomial similar
to the affine case. More precisely, a variable set U ⊂ Y is said to be an independent set modulo I if
I ∩F{U} = {0}. And a parametric set of I is a maximal differentially independent set modulo I .

Lemma 3.1. Let I be a differentially homogenous prime differential ideal in F{Y}. Then its parametric set is
not empty.

Proof. Suppose the contrary. That is, for each yi , I ∩F{yi} �= [0] (i = 0, . . . ,n). Let Ai be the canon-
ical characteristic set of I w.r.t. the elimination ranking yi ≺ y0 ≺ · · · ≺ yn . Then by Theorem 2.5,
each element of Ai is differentially homogenous. Since I ∩ F{yi} �= [0], there exists Ai0 ∈ Ai such
that Ai0 ∈ F{yi}. If ord(Ai0) > 0, it is easy to see that Ai0 cannot be differentially homogenous. So
Ai0 ∈ F [yi]. Using the fact that I is prime, Ai0 = yi follows. Thus, for each i, yi ∈ I . It follows that
1 ∈ I :Y. By Theorem 2.5, we have I = I :Y, so I =F{Y}, which is a contradiction. �

In [8], Kolchin introduced differential dimension polynomials for prime differential polynomial ide-
als. Also see [12] for more detailed discussion. Following Kolchin, we give the definition of differential
dimension polynomials for differentially homogenous prime differential ideals.

Definition 3.2. Let I be a differentially homogenous prime differential ideal of F{Y}. Then there
exists a unique numerical polynomial ωI(t) such that ωI(t) = dim(I ∩F [(y(k)

i )0�i�n, 0�k�t ]) for all
sufficiently big t ∈N. ωI(t) is called the differential dimension polynomial of I .

We can use the differential dimension polynomial to define the differential dimension and order
for a prime differential ideal.

Lemma 3.3. Let I be a differentially homogenous prime differential ideal of F{Y}. Then ωI(t) can be written
in the form ωI(t) = (d + 1)(t + 1) + o for d � 0. We define d to be the differential dimension of I and o is
called the order of I .

Proof. By Lemma 3.1, the cardinality of a parametric set of I is not less than 1. Then by [8, Theo-
rem 2], it follows. �

In the affine case, we can read the information of a differential ideal, such as dimension and
order, from its generic point. However, in the projective case, it is a bit more complicated to do this.
Firstly, we give the definition of generic points for a differentially homogenous prime differential ideal
following Kolchin’s notation [10].
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Consider a point α = (α1, . . . ,αp) ∈ P(n1, . . . ,np). Choose a representative ai = (ai0, . . . ,aini ) ∈
Eni+1 (1 � i � p), and for each i choose one index ji such that aiji �= 0. Denote bi = (a−1

i ji
ai0, . . . ,1,

. . . ,a−1
i ji

aini ) ∈ Eni+1 (1 � i � p) and b = (b1, . . . ,bp). For any subfield K of E , the field extension

K (α) � K (b) = K ((a−1
i ji

ai j)1�i�p, 0� j�ni ) is independent of the choice of the representative (a0, . . . ,an)

and indices ji . Denote the set of all points α such that K (α) = K by PK (n1, . . . ,np).
Consider again the point α = (α1, . . . ,αp) ∈ P(n1, . . . ,np). Denote the differential field F〈F(α)〉

by F〈α〉. Clearly, the differential transcendence polynomial of (a−1
i ji

ai j)1�i�p, 0� j�ni is independent
of the choices made above, and may therefore be called the differential transcendence polynomial of α
over F , denoted by ωα/F . It can be written in the form ωα/F (t) = a1(t + 1) + a0 where ai ∈ Z. Then
a1 is the differential transcendence degree of F〈α〉 over F .

Consider a second point α′ = (α′
1, . . . ,α

′
p) ∈ P(n1, . . . ,np) and a representative (a′

1, . . . ,a′
p) of α′;

for each i write a′
i = (a′

i0, . . . ,a′
ini

) ∈ Eni+1 and fix j′i such that a′
i j′i

�= 0. If IF (α) ⊂ IF (α′), then

aij′i �= 0 (1 � i � p), that is, the indices ji can be chosen equal to the indices j′i , and evidently

(a′−1
i j′i

a′
i j)1�i�p, 0� j�ni is a differential specialization of (a−1

i j′i
ai j)1�i�p, 0� j�ni over F . Conversely, if

there exist indices j1, . . . , jp such that aiji �= 0, a′
i ji

�= 0 (1 � i � p) and (a′−1
i ji

a′
i j)1�i�p, 0� j�ni is a dif-

ferential specialization of (a−1
i ji

ai j)1�i�p, 0� j�ni over F , then IF (α) ⊂ IF (α′). Under these conditions
call α′ a differential specialization of α over F .

Let I be a differentially p-homogenous prime differential ideal of F{Y1, . . . ,Yp} and V the cor-
responding projective differential F -variety of P(n1, . . . ,np). Thus V is F -irreducible, V = V(I), and
I = I(V). And for a point α ∈ P(n1, . . . ,np), IF (α) = I if and only if the set of all differential special-
izations of α over F is V .

Call such a point α a generic point of I in P(n1, . . . ,np) or a generic point of V over F . And we call
ωα/F (t) the differential dimension polynomial of V and denoted by ωV and d.tr.degF〈α〉/F is called
the differential dimension of V . Then ωV and ωI have the following relation.

Theorem 3.4. Let I be a differentially homogenous prime differential ideal of F{Y} and V = V(I). Then
ωI(t) = (t + 1) + ωV (t).

Proof. Without loss of generality, assume that V � V(y0). Let (1, ξ1, . . . , ξn) be a generic point
of V and u ∈ E a differential indeterminate over F〈ξ1, . . . , ξn〉. Firstly, we claim that ωI(t) =
tr.degF(u[t], (uξ1)

[t], . . . , (uξn)[t])/F for all sufficiently big t ∈ N. Denote Ia to be the affine dif-
ferential ideal in F{Y} consisting of all elements of I . By the definition of ωI(t), it only needs
to show that (u, uξ1, . . . , uξn) is a generic point of Ia . Firstly, each polynomial in Ia vanishes at
(u, uξ1, . . . , uξn). Suppose f a ∈ F{Y} with f a(u, uξ1, . . . , uξn) = 0. Since u is a differential indetermi-
nate over F〈ξ1, . . . , ξn〉, we can regard f a(u, uξ1, . . . , uξn) as a differential polynomial in u, which is
identically zero. Thus, for each λ ∈ E , f a(λ,λξ1, . . . , λξn) = 0. That is, f a vanishes at every represen-
tative of (1, ξ1, . . . , ξn) and f a ∈ I follows. So f a ∈ Ia , and we have shown that (u, uξ1, . . . , uξn) is
a generic point of Ia .

Thus, we have

ωI(t) = tr.degF
(
u[t], (uξ1)

[t], . . . , (uξn)
[t])/F

= tr.degF
(
u[t], (ξ1)

[t], . . . , (ξn)
[t])/F

= tr.degF
(
u[t])/F + tr.degF

(
u[t])((ξ1)

[t], . . . , (ξn)
[t])/F(

u[t])
= (t + 1) + tr.degF

(
(ξ1)

[t], . . . , (ξn)
[t])/F

= (t + 1) + ωV (t). �
By the above theorem, we know that the differentially homogenous prime differential ideal I has

the same dimension and order as its corresponding projective differential variety V .
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Remark 3.5. The differential dimension polynomial of an irreducible projective differential variety is
a birational invariant but not a differential birational invariant. By this we mean that if V 1 and V 2
are two irreducible projective differential varieties with generic points α and β respectively, then the
condition F(α) = F(β) implies that ωV 1(t) = ωV 2 (t) but the weaker condition F〈α〉 = F〈β〉 does
not. Nevertheless, ωV carries with it two fundamental differential birational invariants: the degree
and the leading coefficient. And if the degree is 1, the leading coefficient is just equal to its differential
dimension.

By Lemma 3.1, for every nontrivial differentially homogenous prime differential ideal I , there ex-
ists at least one index i such that I ∩ F{yi} = [0]. Since we can permute variables when necessary,
it only needs to consider the case I ∩ F{y0} = [0]. Denote the set of all nontrivial differentially
homogenous prime differential ideals I in F{Y} with I ∩ F{y0} = [0] by S . Denote the set of all
prime differential ideals in F{y1, . . . , yn} by T . Now we give a one-to-one correspondence between
S and T .

Define the maps

φ : S ⊂ F{Y} −→ T ⊂ F{y1, . . . , yn} and

ψ : T ⊂ F{y1, . . . , yn} −→ S ⊂ F{Y} (3.1)

as follows: For each I ⊂ S , suppose (η0, . . . , ηn) is a generic point of I . Clearly, η0 �= 0. Let φ(I) be
the prime differential ideal in F{y1, . . . , yn} with (η1/η0, . . . , ηn/η0) as its generic point. Conversely,
for a prime differential ideal J a in F{y1, . . . , yn} with a generic point (ξ1, . . . , ξn), let ψ(J a) be
a differentially homogenous prime differential ideal in F{Y} with (v, vξ1, . . . , vξn) as a generic point,
where v ∈ E is a differential indeterminate over F〈ξ1, . . . , ξn〉. Clearly, φ ◦ ψ = idT and ψ ◦ φ = idS .
By Theorem 3.4, ωI(t) = (t + 1) + ωφ(I)(t). That is, I has the same dimension and order as φ(I)

which is called the canonical affine representative of I .

Remark 3.6. The set of affine zeros of I as a differential ideal in F{Y} is called the cone over V ,
whose differential dimension and that of V differ by 1 by Theorem 3.4.

As above, we give the definition of φ and ψ in the language of generic points. Now we will give
an interpretation from the perspective of characteristic sets.

Lemma 3.7. Let A := A1, . . . , An−d be a canonical characteristic set of I ∈ S w.r.t. any elimination ranking
R with y0 ≺ yi for each i. Denote Bi = Ai(1, y1, . . . , yn). Then B := B1, . . . , Bn−d is a characteristic set of
φ(I) w.r.t. the elimination ranking induced by R .

Proof. Since I is a differentially homogenous prime differential ideal, each Ai is differentially ho-
mogenous by Theorem 2.5. Denote the separant and initial of Ai by Si and Ii . By Lemma 2.3, Si and Ii
are differentially homogenous. It follows that Si(1, y1, . . . , yn) and Ii(1, y1, . . . , yn) are not zero. Con-
sequently, ld(Bi) = ld(Ai), and the separant and initial of Bi are Si(1, y1, . . . , yn) and Ii(1, y1, . . . , yn)

respectively. So B is an auto-reduced set w.r.t. the elimination ranking induced by R .
Let (η0, η1, . . . , ηn) be a generic point of I . Then (η1/η0, . . . , ηn/η0) is a generic point of φ(I).

Clearly, Bi(η1/η0, . . . , ηn/η0) = Ai(1, η1/η0, . . . , ηn/η0) = 0. That is, Bi ∈ φ(I), so B is an auto-
reduced set in φ(I). Let f be any polynomial in φ(I) and r the remainder of f w.r.t. B. Then r ∈ φ(I)

and r(η1/η0, . . . , ηn/η0) = 0. Let R = yl
0r(y1/y0, . . . , yn/y0) ∈ F{Y}. Then R(η0, η1, . . . , ηn) = 0 and

R is reduced w.r.t. A. Thus, R ≡ 0 and r ≡ 0 follows. As a consequence, B reduces every differential
polynomial in φ(I) to zero. So, B is a characteristic set of φ(I) w.r.t. the elimination ranking induced
by R . And the lemma is proved. �
Remark 3.8. Since the set of irreducible projective differential varieties and the set of differentially
homogenous prime differential ideals have a one-to-one correspondence, φ also gives a one-to-one
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map between the set of irreducible projective differential varieties not contained in y0 = 0 and the
set of irreducible affine varieties with the inverse map ψ .

3.2. A generic intersection theorem

In affine differential algebraic geometry, we have proved the following intersection theorem.

Theorem 3.9. (See [4, Theorem 3.14].) Let I be a prime differential ideal in F{y1, . . . , yn} with dimension
d > 0 and order h. Let {u0, u1, . . . , un} ⊂ E be a set of differential indeterminates over F . Then I1 = [I, u0 +
u1 y1 + · · · + un yn] is a prime differential ideal in F〈u0, u1, . . . , un〉{y1, . . . , yn} with dimension d − 1 and
order h.

A generic projective differential hyperplane is the differential zero set of u0 y0 + u1 y1 +· · ·+ un yn = 0
in P(n) where ui ∈ E are differential indeterminates over F . Now we try to give the projective version
of the above theorem. Before doing this, we give the following lemma.

Lemma 3.10. Let I be a differentially homogenous prime differential ideal in F{Y} with dimension d > 0 and
u0 y0 + u1 y1 +· · ·+ un yn = 0 be a generic projective differential hyperplane. Denote u0 = (u0, . . . , un). Then
the differential ideal I0 = [I, u0 y0 +u1 y1 +· · ·+un yn] : (Y)∞ ⊂F{Y;u0} is a differentially 2-homogenous
prime differential ideal and I0 ∩F{u0} = [0].

Proof. Let (ξ0, . . . , ξn) be a generic point of I that is free from F〈u0, . . . , un〉. Without loss of gener-
ality, suppose ξ0 �= 0. Denote J = [I, u0 y0 + · · · + un yn] : (Yu0)

∞ ⊂F{Y;u0}. We now prove that I0
is a differentially 2-homogenous prime differential ideal in F{Y;u0} by showing that J is a differen-
tially 2-homogenous prime differential ideal in F{Y, u0} and I0 =J .

Firstly, we show that for any point a ∈ P(n) × P(n), if J vanishes at a, then J vanishes at every
representative of a. Now, suppose J vanishes at a. For any differential polynomial H ∈ J , there
exists some e ∈ N such that (y juk)

e H ∈ [I, u0 y0 + · · · + un yn] for any 0 � j,k � n. Since I and
u0 y0 + · · · + un yn vanish at every representative of a, H vanishes at it. It follows that J vanishes
at every representative of a. In this way, we say a is a zero of J . Since I0 ⊂ J , I0 has the same
property.

Now let ζ = (ξ0, . . . , ξn;−(u1ξ1 + · · · + unξn)/ξ0, u1, . . . , un). We now show that ζ is a generic
point of J . For any f ∈J , there exists e ∈ N such that (y juk)

e H ∈ [I, u0 y0 + · · · + un yn]. Take j = 0
and k = 1. Since ξ0 �= 0, it follows that H vanishes at ζ . Conversely, suppose G is any differential
polynomial in F{Y;u0} such that G vanishes at ζ . Let G1 be the differential remainder of G w.r.t.
u0 y0 + · · · + un yn with u0 as its leader, then we have ya0

0 G ≡ G1, mod [u0 y0 + · · · + un yn] for some
a0 ∈ N. Then G1 is free from u0 and its derivatives with G1(ζ ) = 0. Regard G1 as a polynomial in
F〈u1, . . . , un〉{Y}. Then it vanishes at (ξ0, . . . , ξn). Since [I] ⊂F〈u1, . . . , un〉{Y} is a prime differential
ideal with a generic point (ξ0, . . . , ξn), G1 ∈ [I]∩F{Y; u1, . . . , un}. Thus, ya0

0 G ∈ [I, u0 y0 +· · ·+un yn].
And for any index j0 such that ξ j0 �= 0, similarly in this way, we can show that there exists a j0 ∈ N

such that y
a j0
j0

G ∈ [I, u0 y0 +· · ·+un yn]. And if ξ j0 = 0, then y j0 ∈ I , and y j0 G ∈ [I, u0 y0 +· · ·+un yn].
Thus, it follows that G ∈ J and ζ is a generic point of J . Similarly, we can show that ζ is also
a generic point of I0. By Theorem 2.5, I0 = J is a differentially 2-homogenous prime differential
ideal.

Suppose dim(I) > 0. Then there exists an i ∈ {1, . . . ,n} such that I∩F{y0, yi} = [0]. It follows that
ξi/ξ0 is differentially independent over F . By Theorem 2.1, u0, . . . , un are differentially independent
modulo I0. �

Now, we give the following generic intersection theorem.

Theorem 3.11. Let I be a differentially homogenous prime differential ideal in F{Y} with dimension
d > 0 and order h. Let u0 = {u0, u1, . . . , un} ⊂ E be a set of differential indeterminates over F . Then
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I1 = [I, u0 y0 + u1 y1 +· · ·+ un yn] :Y∞ is a differentially homogenous prime differential ideal in F〈u0〉{Y}
with dimension d − 1 and order h.

Proof. By Theorem 3.9, [φ(I), u0 + u1 y1 + · · · + un yn] is a prime differential ideal of dimension d − 1
and order h in F〈u0〉{y1, . . . , yn}, where φ is defined in (3.1). Notice the fact that if we can show
φ(I1) = [φ(I), u0 + u1 y1 + · · · + un yn], then it follows that I1 is a differentially homogenous prime
differential ideal in F〈u0〉{Y} with dimension d − 1 and order h. So it remains to show that φ(I1) =
[φ(I), u0 + u1 y1 + · · · + un yn].

Firstly, we show that I1 is a differentially homogenous prime differential ideal. Let I0 be the
differential ideal [I, u0 y0 + u1 y1 + · · · + un yn] : Y∞ in F{Y;u0}. By Lemma 3.10, I0 is a differ-
entially 2-homogenous prime differential ideal in F{Y;u0} and I0 ∩ F{u0} = [0]. Now we show
that I1 = [I0] ⊂ F〈u0, u1, . . . , un〉{Y} is a nontrivial prime differential ideal. If 1 ∈ I1, then we have
I0 ∩ F{u0, u1, . . . , un} �= [0], a contradiction. So I1 �= [1]. Suppose f1, f2 ∈ F〈u0, u1, . . . , un〉{Y} with
f1 f2 ∈ I1. Then there exist hi(u0) (i = 1,2) such that hi f i ∈ F{Y;u0}. So (h1 f1)(h2 f2) ∈ I0. Then
h1 f1 ∈ I0 or h2 f2 ∈ I0, and it follows that f1 ∈ I1 or f2 ∈ I1. Thus, I1 is a differentially homogenous
prime differential ideal. Moreover, I1 and I0 have the following relations:

(i) I1 ∩F{Y;u0} = I0.
(ii) Any characteristic set of I1 in F{Y;u0} is a characteristic set of I0.

(iii) Any characteristic set of I0 with u0 contained in its parametric set is a characteristic set of I1.

Since I1 �= [1], by Lemma 3.1, there exists i such that I1 ∩ F〈u0〉{yi} = [0]. Without loss of gen-
erality, we suppose I1 ∩ F〈u0〉{y0} = [0]. Let A ⊂ F{Y;u0} be a characteristic set of I1 w.r.t. the
elimination ranking y0 ≺ y1 ≺ · · · ≺ yn . Then A is also a characteristic set of I0 w.r.t. the elimination
ranking u0 ≺ · · · ≺ un ≺ y0 ≺ y1 ≺ · · · ≺ yn . Let B be the auto-reduced set obtained from A by set-
ting y0 = 1 in each element of A. By Lemma 3.7, B is a characteristic set of φ(I1). Both φ(I1) and
[φ(I), u0 + u1 y1 + · · · + un yn] are prime differential ideals. If we can show that B is a characteristic
set of [φ(I), u0 + u1 y1 + · · · + un yn], then φ(I1) = [φ(I), u0 + u1 y1 + · · · + un yn] follows.

We claim that B is a characteristic set of Ia
0 = [φ(I), u0 + u1 y1 + · · · + un yn] ⊂ F{Y;u0}. We

already know that if (ξ0, . . . , ξn) is a generic point of I , then (ξ0, . . . , ξn;−(u1ξ1 + · · · + unξn)/ξ0,

u1, . . . , un) is a generic point of I0 and (ξ1/ξ0, . . . , ξn/ξ0;−(u1ξ1/ξ0 + · · · + unξn/ξ0), u1, . . . , un) is a
generic point of Ia

0 . Recall that B has the same leaders as A. It is easy to see that Bi ∈ Ia
0 . For any dif-

ferential polynomial f ∈ Ia
0 , let r be the remainder of f w.r.t. B. Then r(ξ1/ξ0, . . . , ξn/ξ0;−(u1ξ1/ξ0 +

· · ·+ unξn/ξ0), u1, . . . , un) = 0. Let rh = yl
0r(y1/y0, . . . , yn/y0; u0, . . . , un) where l is the denomination

of r [11]. Then rh(ξ0, . . . , ξn;−(u1ξ1 + · · · + unξn)/ξ0, u1, . . . , un) = 0. So rh ∈ I0. But A is also a char-
acteristic set of I0, thus, rh = 0 and r = 0 follows. Thus, B is a characteristic set of Ia

0 . It follows that
B is a characteristic set of [φ(I), u0 + u1 y1 +· · ·+ un yn]. Thus, φ(I1) = [φ(I), u0 + u1 y1 +· · ·+ un yn]
and the theorem is proved. �
4. Chow forms for projective differential varieties

In this section, we will define the Chow form for an irreducible projective differential variety and
prove its basic properties.

Let V be an irreducible projective differential F -variety in P(n) of differential dimension d and
order h. Suppose V does not lie in the hyperplane y0 = 0. Intuitively, the Chow form of V is obtained
by intersecting V with d + 1 generic projective differential hyperplanes.

Let {uij: i = 0, . . . ,d; j = 0, . . . ,n} ⊂ E be a set of differential indeterminates over F and set

u = {uij: i = 0, . . . ,d; j = 1, . . . ,n}.

Let ξ = (1, ξ1, . . . , ξn) be a generic point of V , which is free from uij . Denote ζi = −∑n
j=1 uijξ j

(i = 0, . . . ,d). Since dim(V ) = d, d.tr.degF〈ξ1, . . . , ξn〉/F = d. Then as in the affine differential case
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[4, Lemma 4.1], we can prove that d.tr.degF〈u〉〈ζ0, . . . , ζd〉/F〈u〉 = d. Since ζ0, . . . , ζd are differen-
tially dependent over F〈u〉, there exists a relation

f (u; ζ0, . . . , ζd) = 0

where f is a differential polynomial in F〈u〉{u00, . . . , ud0} with minimal order. We choose f to be an
irreducible differential polynomial in F{u; u00, . . . , ud0}. Denote ui = (ui0, . . . , uin) (i = 0, . . . ,d).

Definition 4.1. The above irreducible differential polynomial f (u; u00, . . . , ud0) ∈ F{u; u00, . . . , ud0} is
defined to be the differential Chow form, or simply the Chow form, of V , denoted by F (u0, . . . ,ud).

Let I be the differentially homogenous prime differential ideal in F{Y} associated to V , where
Y = (y0, . . . , yn). Let Pi = ui0 y0 + ui1 y1 + · · · + uin yn (i = 0, . . . ,d). Then we have the following the-
orem which can be used to compute the Chow form.

Theorem 4.2. The ideal J = [I,P0, . . . ,Pd] : (Yu0 · · ·ud)
∞ in F{Y, u0, . . . ,ud} is a differentially (d + 2)-

homogenous prime differential ideal in Y,u0, . . . ,ud with J ∩F{u0, . . . ,ud} = sat(F ), where F is differen-
tially (d + 1)-homogenous.

Proof. Firstly, we show that for any point a ∈ P(n) × P(n) × · · · × P(n) = (P(n))d+2, if J vanishes at a,
then J vanishes at every representative of a. Now, suppose J vanishes at a. For any differential
polynomial H ∈ J , there exists some e ∈ N such that (y ju0 j0 u1 j1 · · · udjd )

e H ∈ [I,P0, . . . ,Pd] for any
0 � j, j0, . . . , jd � n. Since I and P0, . . . ,Pd vanish at every representative of a, H vanishes at it. It
follows that J vanishes at every representative of a. In this way, we say a is a zero of J .

To prove J is a prime differential ideal, it suffices to show that c = (1, ξ1, . . . , ξn; ζ0, u01, . . . , u0n;
. . . ; ζd, ud1, . . . , udn) is a generic zero of J . Firstly, it is easy to see that c is a zero of J . Now,
suppose that G is any differential polynomial in F{Y, u0, . . . ,ud} such that G(c) = 0. Now, P0, . . . ,Pd

form an auto-reduced set w.r.t. any elimination ranking of
⋃d

i=0 ui ∪ Y such that z ≺ u00 ≺ · · · ≺ ud0
for any z ∈ Y ∪ u. Let G1 be the differential remainder of G w.r.t. P0, . . . ,Pd . Then G1 is free of ui0
(i = 0, . . . ,d) and

ya
0G ≡ G1, mod [P0, . . . ,Pd] (a ∈N).

So G1 vanishes at c. Since G1 ∈ F{Y, u}, now rewritten G1 as a differential polynomial in u with
coefficients in Y, i.e., G1 = ∑

φ φ(u)gφ where φ(u) are different differential monomials in u and
gφ are differential polynomials in F{Y}. Thus, G1(c) = ∑

φ φ(u)gφ(ξ) = 0. Since u are differential
indeterminates over F〈ξ〉, gφ(ξ) = 0 for any φ. So, gφ ∈ I and ya

0G ∈ [I,P0, . . . ,Pd]. And for any
index j0 such that ξ j0 �= 0, it is easy to show that ζ0, . . . , ζd and u\{(uij0 )0�i�d} are differentially

independent over F〈ξ〉. Similarly in this way, we can show that there exists a j0 ∈N such that y
a j0
j0

G ∈
[I,P0, . . . ,Pd]. And if ξ j0 = 0, then y j0 ∈ I , and y j0 G ∈ [I,P0, . . . ,Pd]. Thus, it follows that G ∈J .

By Theorem 2.5, J is a differentially (d + 2)-homogenous prime differential ideal. Clearly,
J ∩F{u0, . . . ,ud} is a differentially (d + 1)-homogenous prime differential ideal with a generic zero
(ζ0, u01, . . . , u0n; . . . ; ζd, ud1, . . . , udn). Since u, ζ1, . . . , ζd are differentially independent over F , the
canonical characteristic set of J ∩F{u0, . . . ,ud} consists of only one differential polynomial, which is
differentially (d + 1)-homogenous by Theorem 2.5. By the definition of differential Chow form above,
this polynomial differs from F by only one factor in F . It follows that J ∩ F{u0, . . . ,ud} = sat(F ),
and F is differentially (d + 1)-homogenous. �

Similar to the differential affine case [4, Lemma 4.9], we have the following result.

Lemma 4.3. Let F (u0,u1, . . . ,ud) be the Chow form of an irreducible projective differential variety V and
F ∗(u0,u1, . . . ,ud) obtained from F by interchanging uρ and uτ . Then F ∗ and F differ at most by a sign.
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Furthermore, ord(F , uij) (i = 0, . . . ,d; j = 0,1, . . . ,n) are the same for all ui j occurring in F . In particular,
ui0 (i = 0, . . . ,d) appear effectively in F . And a necessary and sufficient condition for some uij ( j > 0) not
occurring effectively in F is that y j ∈ I(V ).

Based on the above lemma, we define ord(F ) = ord(F , u00). By Definition 4.1, we know that F is
also the differential Chow form of φ(V ). Since V is of dimension d and order h, φ(V ) is of dimen-
sion d and order h too. Thus, by [4, Theorem 4.11], we have the following theorem.

Theorem 4.4. Let V be an irreducible projective differential variety of dimension d and order h, and
F (u0, . . . ,ud) the differential Chow form of V . Then ord(F ) = h.

We can also prove the above theorem directly using Theorem 3.11. Similarly to the affine case
[4, Theorem 4.27], the projective differential Chow form has the following Poisson-type product for-
mula [16].

Theorem 4.5. Let F (u0,u1, . . . ,ud) = f (u; u00, . . . , ud0) be the Chow form of an irreducible projective dif-
ferential F -variety which is of dimension d and order h, and does not lie on the hyperplane y0 = 0. Then, there
exist ξτ1, . . . , ξτn in a differential extension field (Fτ , δτ ) (τ = 1, . . . , g) of (F〈ũ〉, δ) such that

F (u0,u1, . . . ,ud) = A(u0,u1, . . . ,ud)

g∏
τ=1

(
u00 +

n∑
ρ=1

u0ρξτρ

)(h)

(4.1)

where A(u0,u1, . . . ,ud) is in F{u0, . . . ,ud}, ũ = ⋃d
i=0 ui\{u00} and g = deg( f , u(h)

00 ). Note that Eq. (4.1)
is formal and should be understood in the following precise meaning: (u00 + ∑n

ρ=1 u0ρξτρ)(h) � δhu00 +
δh
τ (

∑n
ρ=1 u0ρξτρ).

For an element η = (η0, η1, . . . , ηn), denote its truncation up to order k as η[k] = (η0, η1, . . . , ηn,

. . . , η
(k)
0 , η

(k)
1 , . . . , η

(k)
n ).

Now we introduce the following notations:

aP(0)
0 = aP0 := u00 y0 + u01 y1 + · · · + u0n yn,

aP(1)
0 = aP′

0 := u′
00 y0 + u00 y′

0 + u′
01 y1 + u01 y′

1 + · · · + u′
0n yn + u0n y′

n,

· · ·
aP(s)

0 :=
n∑

j=0

s∑
k=0

(
s

k

)
u(k)

0 j y(s−k)
j (4.2)

which are considered to be algebraic polynomials in F(u[s]
0 , . . . ,u[s]

n )[Y[s]], and u(k)
i j , y( j)

i are treated

as algebraic indeterminates. A point η = (η0, η1, . . . , ηn) is said to be lying on aP(k)
0 if regarded as an

algebraic point, η[k] is a zero of aP(k)
0 . Then similar to the affine case [4, Theorem 4.36], the following

theorem holds.

Theorem 4.6. The points (1, ξτ1, . . . , ξτn) (τ = 1, . . . , g) in (4.1) are generic points of the projective differ-
ential F -variety V . If d > 0, they also satisfy the equations

∑n
ρ=0 uσρ yρ = 0 (σ = 1, . . . ,d). Moreover, they

are the only elements of V which also lie on Pi (i = 1, . . . ,d)1 as well as on aP( j)
0 ( j = 0, . . . ,h − 1).

1 If d = 0, Pi (i = 1, . . . ,d) is empty.



356 W. Li, X.S. Gao / Journal of Algebra 370 (2012) 344–360
For a differential polynomial F , when we say η is in the general solution of F = 0, we mean η is
a zero of sat(F ). As to the relations between the differential Chow form and the projective differential
variety, we have the following theorem.

Theorem 4.7. Let F (u0,u1, . . . ,ud) be the differential Chow form of V and S F = ∂ F

∂u(h)
00

. Suppose that ui are

differentially specialized over F to sets vi ⊂ E and Pi are obtained by substituting ui by vi in Pi (i = 0, . . . ,d).
If Pi = 0 (i = 0, . . . ,d) meet V , then (v0, . . . ,vd) is in the general solution of the differential equation F = 0.
Furthermore, if F (v0, . . . ,vd) = 0 and S F (v0, . . . ,vd) �= 0, then the d + 1 differential hyperplanes Pi = 0
(i = 0, . . . ,d) meet V .

Proof. Let I be the differentially homogenous prime differential ideal in F{Y} associated to V . If
Pi = 0 (i = 0, . . . ,d) meet V , there exists a = (a0, . . . ,an) ∈ P(n) with ai0 �= 0 such that Pi and I
vanish at a. Since [I,P0,P1, . . . ,Pd] : (Y)∞ ∩ F{u0,u1, . . . ,ud} = sat(F ), for any differential polyno-
mial G ∈ sat(F ), there exists e ∈ N such that ye

j G ∈ [I,P0,P1, . . . ,Pd] for every j = 0,1, . . . ,n. So
(ai0 )

e G(v0, . . . ,vd) = 0, and G(v0, . . . ,vd) = 0 follows. Thus, (v0, . . . ,vd) is in the general solution of
F = 0.

Conversely, suppose F (v0, . . . ,vd) = 0 and S F (v0, . . . ,vd) �= 0. Let (1, ξ1, . . . , ξn) be a generic point
of V . Denote ζi = −∑n

j=1 uijξ j (i = 0, . . . ,d). By Definition 4.1, F (u; ζ0, . . . , ζd) = 0. Differentiating

F (u; ζ0, . . . , ζd) = 0 w.r.t. u(h)
0ρ , we have

∂ F

∂u(s)
0ρ

− ξρ S F = 0, (4.3)

where ∂ F
∂u(s)

0ρ

and S F are obtained by replacing (u00, . . . , ud0) with (ζ0, . . . , ζd) in ∂ F
∂u(s)

0ρ

and S F respec-

tively. Since (1, ξ1, . . . , ξn; ζ0, u01, . . . , u0n; . . . ; ζd, ud1, . . . , udn) is a generic point of [I,P0,P1, . . . ,Pd] :
(Y)∞ , by Eq. (4.3), Aρ = S F yρ − ∂ F

∂u(s)
0ρ

y0 ∈ [I,P0,P1, . . . ,Pd] : (Y)∞ (ρ = 1, . . . ,n). It is easy to

see that F , A1, . . . , An is a characteristic set of [I,P0,P1, . . . ,Pd] : (Y)∞ w.r.t. the elimination
ranking u01 ≺ · · · ≺ udn ≺ u10 ≺ · · · ≺ ud0 ≺ u00 ≺ y0 ≺ y1 ≺ · · · ≺ yn . Thus, for any H ∈ I and
each Pi , there exist e and ei such that Se

F H ∈ [F , A1, . . . , An] and Sei
F Pi ∈ [F , A1, . . . , An]. Let yi =

∂ F
∂u(s)

0ρ

(v0, . . . ,vd)/S F (v0, . . . ,vd) for i = 1, . . . ,n. Clearly, (1, y1, . . . , yn;v0, . . . ,vd) is a common zero of

F , A1, . . . , An . Thus, H(1, y1, . . . , yn) = 0 and Pi(1, y1, . . . , yn) = 0. That is to say, (1, y1, . . . , yn) is
a common point of V and Pi = 0. �
5. Application to linear dependence over projective variety

Let V be an irreducible algebraic variety in PK(n) that is defined over C . Note that K is the
constant field of E . Call an element v = (v0, . . . , vn) ∈ En+1 linearly dependent over V if there exists
a γ ∈ V such that for a representative (c0, . . . , cn) of γ ,

∑n
j=0 c j v j = 0. In this section, V is fixed

to be an algebraic variety in PK(n) that is defined and irreducible over C . In [10], Kolchin gave the
following theorem.

Theorem 5.1. Let R denote the set of points of P(n) that are linearly dependent over V . Then there exists
a differential polynomial R V ∈ C{Y}, irreducible over C , such that an element belongs to R if and only if it is
in the general solution of the differential equation R V = 0. R V is unique up to a nonzero factor in C and is
differentially homogenous with its order equal to the dimension of V .

In a footnote of his paper [10], Kolchin mentioned that H. Morikawa pointed out to him that
the differential polynomial R V is the algebraic Chow form of V computed at the signed mi-
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nors of the matrix (y(i)
j )0�i�d, 0� j�n . That is, if G((uij)0�i�d, 0� j�n) is the Chow form of V , then

R V = G((y(i)
j )0�i�d, 0� j�n).

Clearly, V has a natural structure of projective differential C-variety, defined by its defining
polynomial equations Pi = 0 (1 � i � s), together with the differential equations yi y′

j − y j y′
i = 0

(0 � i < j � n). Let V δ be the projective differential variety defined by Pi = 0 (1 � i � s) and
yi y′

j − y j y′
i = 0 (0 � i < j � n).

In this section, we will explore the relationship between R V and the differential Chow form of V δ .
Before giving the main result, we first prove two lemmas.

Lemma 5.2. If dim(V ) = d, then V δ defined as above is an irreducible projective differential variety of differ-
ential dimension zero and order d.

Proof. Let I0 = I(V ) ⊂ C[Y] and (c0, . . . , cn) ∈Kn+1 a generic point of I0. Without loss of generality,
suppose c0 �= 0. Consider the differential ideal J = [I0, (yi y′

j − y j y′
i)0�i< j�n] : (Y)∞ of C{Y}. Then

we have V δ = V(J ). We claim that J is a differentially homogenous prime differential ideal.
Let u ∈ E be a differential indeterminate over K. To prove J is a prime differential ideal, it suffices

to prove that (uc0, . . . , ucn) is a generic point of J . Firstly, it is easy to show that (uc0, . . . , ucn) is
a zero of J . Now, let G ∈ C{Y}, which vanishes at (uc0, . . . , ucn). Let R be any ranking of Y such that
y0 ≺ y j ( j = 1, . . . ,n). Then A := y0 y′

j − y j y′
0 ( j = 1, . . . ,n) is an auto-reduced set w.r.t. R . Suppose

the remainder of G w.r.t. A is G1. Then G1 ∈ C{y0}[y1, . . . , yn] and there exists some a ∈N such that

ya
0G ≡ G1, mod [A].

Since G(uc0, . . . , ucn) = 0, G1(uc0, . . . , ucn) = 0. Rewrite G1 as an algebraic polynomial in the proper
derivatives of y0 with coefficients in C[Y], then we have G1 = ∑

φ φ(y′
0, y′′

0, . . .)Gφ(Y) where
φ(y′

0, y′′
0, . . .) are distinct monomials in y′

0, y′′
0, . . . . Since u′, u′′, . . . are algebraic indeterminates over

K(u), Gφ(uc0, . . . , ucn) = 0, so, Gφ ∈ I0 for each φ. Thus, ya
0G ∈ [I0, (yi y′

j − y j y′
i)0�i< j�n]. Similarly,

for any j0 such that c j0 �= 0, we can show that y
a j0
j0

G ∈ [I0, (yi y′
j − y j y′

i)0�i< j�n] for some a j0 ∈ N.
And for any j0 such that c j0 = 0, y j0 ∈ I0. So, G ∈J and (uc0, . . . , ucn) is a generic point of J . Thus,
J is a prime differential ideal. Clearly, J : (Y) = J and for any zero η of J and every s ∈ E� , sη is
a zero of J . By Theorem 2.5, J is a differentially homogenous prime differential ideal. So V δ is an
irreducible projective differential variety and (uc0, . . . , ucn) is a generic point of it.

The differential dimension polynomial of V δ is

ωV δ (t) = tr.degC
((

uc j

uc0

)(k)

: 1 � j � n,k � t

)/
C

= tr.degC
(
(c j/c0)

(k): 1 � j � n,k � t
)
/C

= tr.degC(c j/c0: 1 � j � n)/C = dim(V ) = d.

Thus, V δ is of dimension zero and order d and the lemma follows. �
Lemma 5.3. Let Gij = yi y′

j − y j y′
i (0 � i, j � n). Then for all l, j0 and m, ym

j0
y(m)

l ≡ hm(y j0 ) · yl, mod [G j0l]
where h(y j0) ∈ C{y j0 }.

Proof. Fix l and j0. For m = 1, y j0 y′
l = y′

j0
yl + G j0l . Suppose it holds for 1, . . . ,m − 1. Since G(m−1)

j0l =
(y j0 y′

l − y′
j0

yl)
(m−1) = ∑m−1

s=0

(m−1
s

)
y(m−1−s)

j0
y(s+1)

l − ∑m−1
s=0

(m−1
s

)
y(m−s)

j0
y(s)

l , y j0 y(m)

l = G(m−1)

j0l +∑m−1
s=1 (

(m−1
s

) − (m−1
s−1

)
)y(m−s)

j y(s)
l + y(m)

j yl . By the hypothesis, ys
j y(s)

l ≡ hs(y j0 ) · yl, mod [G j0l] holds

0 0 0



358 W. Li, X.S. Gao / Journal of Algebra 370 (2012) 344–360
for s � m − 1. Thus, ym
j0

y(m)

l = ym−1
j0

G(m−1)

j0l + ∑m−1
s=1 (

(m−1
s

) − (m−1
s−1

)
)y(m−s)

j0
ym−1

j0
y(s)

l + y(m)
j0

ym−1
j0

yl ≡
hm(y j0 ) · yl, mod [G j0l], where hm = ∑m−1

s=1 (
(m−1

s

) − (m−1
s−1

)
)y(m−s)

j0
ym−s−1

j0
hs + y(m)

j0
ym−1

j0
. �

Now we give the main theorem as follows.

Theorem 5.4. Let u0 = (u00, . . . , u0n). Then the differential polynomial R V (u0) defined in Theorem 5.1 is
equal to the differential Chow form of V δ in the sense of multiplied by a nonzero constant in C .

Proof. By Lemma 5.2, V δ is an irreducible projective differential variety of dimension zero and or-
der d. Let F (u0) be the differential Chow form of V δ . Then by Theorem 4.4, ord(F ,u0) = d. By
Theorem 5.1, ord(R V ,u0) = d.

Let P0 = ∑n
i=0 u0i yi . Since R V (u0) and F (u0) are irreducible differential polynomials in C{u0} with

the same order, if we can prove R V (u0) ∈ [I(V δ),P0] : (Yu0)
∞ ∩F{u0} = sat(F (u0)), R V and F differ

at most by a nonzero constant in C . Now we are going to show that R V (u0) ∈ [I(V δ),P0] : (Yu0)
∞ .

Let I0 = I(V ) ⊂ C{Y} and (c0, . . . , cn) a generic point of V . Let F0(u0, . . . ,ud) be the algebraic
Chow form of V , where u1, . . . ,ud are the vectors of coefficients of the generic algebraic hyperplanes
L1, . . . ,Ld respectively, and L0 = P0 is regarded as an algebraic hyperplane at the very moment. For
the algebraic Chow form, we have (I0,L0,L1, . . . ,Ld) : Y∞ ∩ F{u0} = (F0). Suppose c j0 �= 0. Then
there exists an a j0 such that

y
a j0
j0

F0(u0, . . . ,ud) =
d∑

k=0

hkLk +
∑

i

gi f i (5.1)

where f i ∈ I0 ⊂ C[Y] and hk, gi ∈ C[Y,u0, . . . ,ud]. Denote u(k)
0 = (u(k)

00 , . . . , u(k)
0n ). Replace uk by u(k)

0
in (5.1) for k = 1, . . . ,d, we obtain

y
a j0
j0

F0
(
u0,u′

0, . . . ,u(d)
0

) =
d∑

k=0

ĥkL̂k +
∑

i

ĝi f i, (5.2)

where L̂k = u(k)
00 y0 + u(k)

01 y1 + · · · + u(k)
0n yn . Denote Gij = yi y′

j − y j y′
i (0 � i, j � n). Now we claim that

there exists bk ∈N such that

ybk
j0
L̂k ∈ [

P0, (Gij)0�i, j�n
]

(k = 0, . . . ,d). (5.3)

Assuming the claim holds. Denote e j0 = maxk{a j0 + bk}. Then by (5.2), for each j0 such that c j0 �= 0,

we have y
e j0
j0

F0(u0,u′
0, . . . ,u(d)

0 ) ∈ [I(V δ),P0]. So R V (u0) = F0(u0,u′
0, . . . ,u(d)

0 ) ∈ [I(V δ),P0] : (Yu0)
∞ .

Thus, it suffices to prove the claim.
Now we are going to prove the claim (5.3) by induction on k. Firstly, L0 = P0. And for

k = 1, L̂1 = ∑n
l=0 u′

0l yl = (
∑n

l=0 u0l yl)
′ − ∑n

l=0 u0l y′
l = P′

0 − ∑n
l=0 u0l y′

l . By Lemma 5.3, y j0 L̂1 =
y j0P

′
0 − ∑n

l=0 u0l y j0 y′
l = y j0P

′
0 − ∑n

l=0 u0l(G j0l − y′
j0

yl) = y j0P
′
0 − ∑n

l=0 u0lG j0l + y′
j0
P0. So it

holds for k = 1. Now suppose the claim holds for integers less than k and we now deal
with k. Since L̂k = ∑n

l=0 u(k)

0l yl = P(k)
0 − ∑n

l=0
∑k

m=1

(k
m

)
u(k−m)

0l y(m)

l , it follows that yk
j0
L̂k = yk

j0
P(k)

0 −∑k
m=1

(k
m

)∑n
l=0 u(k−m)

0l yk
j0

y(m)

l ≡ yk
j0
P(k)

0 −∑k
m=1

(k
m

)
hm(y j0 )yk−m

j0
L̂k−m, mod [(Gij)0�i, j�n]. By the hy-

pothesis, for s < k, ybs
j0
L̂s ∈ [P0, (Gij)0�i, j�n]. Thus, the claim follows. �

Combining Theorem 5.1 with Theorem 5.4, we have the following corollary.
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Corollary 5.5. Let V δ be defined as above and F (u00, u01, . . . , u0n) its differential Chow form. If v0 j ∈ E is any
differential specialization of u0 j ( j = 0,1, . . . ,n), then V δ meets the differential hyperplane v00 y0 + v01 y1 +
· · · + v0n yn = 0 if and only if (v00, v01, . . . , v0n) is in the general solution of the differential equation F = 0.

6. Conclusion

In this paper, we first prove a theorem for the intersection of an irreducible projective differential
variety with generic projective differential hyperplanes. Then we define the Chow form for projective
differential varieties and give its basic properties. Finally, we show that the formula on linear depen-
dence over an algebraic projective variety given by Kolchin is actually the differential Chow form of
the projective variety teated as a differential projective variety in certain sense.

For an algebraic projective variety V of dimension d, its projective Chow form gives a necessary
and sufficient condition for V having common points with the d + 1 hyperplanes

∑n
j=0 uij x j = 0

[6, p. 50]. For a particular kind of projective differential varieties, Corollary 5.5 tells us that sat(F )

gives a necessary and sufficient condition that V and the differential hyperplane
∑n

j=0 u0 j y j = 0
intersect, where F is the projective differential Chow form of V . However, up to now, for general
projective differential varieties, Theorem 4.7 only gives a necessary condition. Due to Corollary 5.5,
we conjecture that the Chow form also gives a sufficient condition. That is,

Conjecture. Let V be an irreducible projective differential variety over F with dim(V ) = d. Suppose
F (u0,u1, . . . ,ud) is the projective differential Chow form of V . If vi j ∈ E is a differential specialization of
uij (i = 0, . . . ,d; j = 0,1, . . . ,n), then a necessary and sufficient condition that V and the d + 1 differential
hyperplanes

vi0 y0 + vi1 y1 + · · · + vin yn = 0 (i = 0, . . . ,d)

have points in common is that (v0,v1, . . . ,vd) is in the general solution of the differential equation F = 0,
where vi = (vi0, . . . , vin).

The above conjecture cannot be proved by showing that the projective differential space is dif-
ferentially complete which is invalid [10]. One possible way is to extend the proof for the affine
counterpart given in [6] to the differential case, where the corresponding problem is to study differen-
tial resultant for two differentially homogenous differential polynomials in two differential variables.
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